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a b s t r a c t
A dynamic constitutive model based on the tensile and the compressive damage models
for concrete was developed and implemented into the three-dimensional finite element
code, LS-DYNA. Numerical simulations of oblique penetration into reinforced concrete
targets were performed using LS-DYNA. On the basis of the proposed model, the tensile
and compressive damages of reinforced concrete after oblique penetration were observed
and the deformation of reinforcing steel bars was obtained. Moreover, the depths of
penetration for different oblique angles were obtained. The numerical results for the depth
of penetration are in good agreement with existing experimental data.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Reinforced concrete (RC) is widely used as a construction material for both civilian andmilitary purposes. A good under-
standing of the response of RC to impacts or explosive loadings is essential for the design and protection of fortifications.
Nowadays, penetration into RC remains an active field of research. With the advancements in computer resources, numeri-
cal simulations of the processes of penetration into concrete havemade great progress. Several dynamic constitutivemodels
of concrete have been developed for describing various damage and failure behaviors of concrete during penetration pro-
cesses. Taylor et al. [1] proposed a continuum damage model (TCK model) for the process of penetration into concretes;
Holmquist et al. [2] developed a so-called HJC constitutive model for describing the compressive behavior of concrete under
large strains by considering the effects of hydrostatic pressure, strain rate and damage on the material strength. The TCK
model is capable of predicting the brittle tensile failure of concrete, but the dynamic compressive response of the concrete
material is simply described by an elastic–perfectly plastic constitutive equation. In the HJC model, the tensile damage of
concrete is simply ignored.
During oblique penetration, the RC experiences complicated dynamic compression and/or tension loadings. Therefore,
an effective constitutive model that can simultaneously describe both types of behavior is needed. In this paper, a dynamic
damage model based on the TCK and HJC models is developed and then incorporated into the LS-DYNA code [3] to simulate
the oblique penetration into RC targets. In the present study, both the dynamic tensile and compressive damage processes
experienced by the RC targets are considered in the proposed model.
2. Dynamic damage models of concrete
2.1. The tensile continuum damage model
The finite element algorithms require the constitutive equations to be written in an incremental or rate form. Hence, the
TCK model for the tensile behavior can be expressed as [1,4]
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where f1 ¯(v) = (1 − v¯2)/(1 − 2v¯), f2(v¯) = ∂ f1/∂v¯ = 2(1 − v¯ + v¯2)/(1 − 2v¯)2. Dt represents the internal damage state
variable in tension. E,G, K , ν, and v¯ are Young’smodulus, the shearmodulus, the bulkmodulus, and the initial and degraded
Poisson’s ratios of the material, respectively. Cd is the number density of microcracks involved in the material. KIC , ρ and
C are the fracture toughness, the mass density of the material and the uniaxial wave speed (
√
E/ρ). β (0 ≤ β ≤ 1) is
a discriminant parameter for indicating that the material is in the unloading or reloading state [4]. k and m are material
constants, which can be determined from the experimental data for the strain rate dependent tensile fracture stress [5]. εv
is the volumetric strain, and ε˙vmax represents the maximum volumetric strain rate experienced by the material at fracture.
P is the mean or bulk stress. Sij and eij are the components of the deviatoric stress and strain tensor, respectively. The dot
sign over a letter represents the partial differentiation with respect to time t .
2.2. The compressive damage model
The HJC model is used to describe the dynamic compressive behaviors of concrete subjected to large strain, high strain
rate and hydrostatic pressure, and can be expressed in the following form:
σ ∗ = ⌊A(1− Dc)+ BP∗N⌋ · (1+ C ln ε˙∗), (5)
where the corresponding normalized dimensionless variables are denoted by the superscript ‘‘∗’’. σ , ε and P are the
equivalent stress, strain and hydrostatic pressure, respectively. The normalized equivalent stress, strain rate and pressure
are defined as σ ∗ = σ/f ′c , ε˙∗ = ε˙/ε˙0, and P∗ = P/f ′c , respectively. Here f ′c and ε˙0 are the quasi-static uniaxial compressive
strength and reference strain rate, respectively. In addition, A, B,N and C arematerial constants obtained from experimental
data, which represent the normalized cohesive strength, normalized pressure hardening coefficient, pressure hardening
exponent and strain rate coefficient, respectively. Dc (0 ≤ Dc ≤ 1.0) is the internal compressive damage state variable.
The Johnson–Cook fracturemodel describes the damage of materials by using the equivalent plastic strain. The compres-
sive damage variableDc , accumulated by both the equivalent plastic strain and the plastic volumetric strain, is defined as [2]
Dc =
− 1εp +1µp
ε
f
p + µfp
, (6)
where 1εp and 1µp are the increments of the equivalent plastic strain and plastic volumetric strain, respectively. The ex-
pression εfp + µfp is the total plastic strain until fracture occurs under a constant pressure P , which can be written as
εfp + µfp = f (p) = D1(P∗ + T ∗)D2 , (7)
where T ∗ denotes the normalized tensile strength, defined by T ∗ = T/f ′c , and T is themaximum tensile hydrostatic pressure
that the material can withstand. D1 and D2 are constants obtained from experimental data. It can be seen from Eq. (7) that
concretematerial cannot undergo any plastic strain at P∗ = −T ∗, and the total plastic strain increases with P∗ until material
fracture occurs. Moreover, a damage constant Efmin = 0.01, which equals the minimum value of the expression εfp + µfp, is
used to suppress fracture produced by low magnitude tensile waves [2].
2.3. Failure criteria of concrete
During the oblique penetration process, the tensile behavior of concrete is governed by the TCK model, while the
compressive response of concrete is described by the HJC model. In this paper, two failure criteria, i.e. a tensile failure
criterion and a compressive failure criterion, are employed in the dynamic constitutive model for concrete. The erosion
algorithm in LS-DYNA [3] is utilized with the dynamic constitutive model.
3. Results and discussion
The dynamic damage model based on the TCK model and the HJC model was incorporated into the LS-DYNA [3] code
through a user-defined material model subroutine.
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Table 1
Material parameters of the projectile and reinforcing steel bar.
Items Density (kg/m3) Elastic modulus (GPa) Poisson’s ratio Plastic failure strain Yield stress (MPa)
Projectile 8.0e3 207 0.3 2.0 1724
Reinforcing steel bar 7.5e3 210 0.3 0.8 235
Table 2
Parameters of concrete.
ρ (kg/m3) E (GPa) K (GPa) G (GPa) υ k (m−3) m KIC (MPa m1/2) β
2.52 20.68 10.77 8.76 0.18 5.75e21 6.0 2.747 0.5
A B N C f ′c (MPa) D1 D2 Efmin
0.79 1.60 0.61 0.007 140 0.04 1.0 0.01
(a) Tensile damage. (b) Compressive damage.
Fig. 1. Damage distribution (t = 1500 µs).
In the present study, the velocity direction was along the axis of the projectile, and the oblique angle θ (0 < θ < 90°)
was defined as the acute angle between the velocity of the projectile and the outward normal of the impact surface of the
target.
The length of the projectile was 180 mm and the diameter was 20 mm. The projectile was made of 35CrMnSiA (density,
7800 kg/m3) andmodeled as an elastic/perfect plasticmaterial with Cowper–Symonds strain rate effects [3]. The reinforcing
steel bar had a diameter of 4 mm. The space between the reinforcing steel bars was 50 mm. The elastic–perfectly plastic
material model was employed for the reinforcing steel bars. Material parameters for both are listed in Table 1. The
parameters for concrete are presented in Table 2. The finite element of the RC target was based on the beam coupling
Lagrange model [3].
The Lagrange coordinate system was employed for the projectile/target system. Non-reflective boundaries on the rear
and lateral faces of the targetwere used to represent a semi-infinite target. At the target/projectile interface, the standard LS-
DYNA algorithm ‘‘eroding surface to surface’’ was used. The hourglass control based on the type of the Flanagan–Belytschko
stiffness with exact volume integration was also used for the target elements. Because of symmetry, only one half of the
projectile and target were modeled in simulations.
Fig. 1 shows the damage distribution in the RC and the deformation of the projectile with an impact velocity of 540
m/s and an oblique angle of 53° at time =1500 µs. From Fig. 1, we can identify the tensile damage region adjacent to the
free surface and the compressive damage region around the penetrated projectile. The tensile damage is a result of the
circumferential tensile stress and the tensile waves reflected from the free surfaces while the compressive damage region
is due to the accumulation of compression damage. It can also be seen from the damage iso-surfaces that the distribution of
the compressive damage is more concentrated in a small region as compared with the tensile damage. The reinforcing steel
bars near the ballistic trajectory are also deformed.
Fig. 2 shows the comparison of the simulation results with the experimental data reported by Ma and Huang [6]. The
experimental data for oblique penetration into the reinforced concrete targets are listed in Table 3. It can be seen that
the depth of penetration (DOP) decreases with θ and the numerical results for the DOPs are in good agreement with the
experimental data, which validates the proposed model.
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Fig. 2. DOP vs. oblique angle.
Table 3
The experimental data for oblique penetration into reinforced concrete targets.
Impact velocity of projectile (m/s) Oblique angle θ (°) DOP (cm)
542 0 329
536 40 232
528 45 195
530 50 148
538 53 90
4. Conclusions
To simulate the nonlinear process of the oblique penetration into RC targets, a dynamic damage model for concrete
combining the HJC constitutive model and the TCK continuum damage model was developed and incorporated into the
LS-DYNA code. The new material model can describe the material dynamic behaviors such as the tensile damage, the
compressive damage, as well as the microcrack nucleation and growth. The oblique penetration into the RC targets of
deformable projectiles was simulated using the new model. The distributions of the tensile and compressive damages in
RC targets were observed during the penetration processes. The deformation of the reinforcing steel bars near the ballistic
trajectory of projectile was also observed. The dependence of DOP on the oblique angle was determined and the numerical
results are in good agreement with the experimental data obtained by Ma and Huang [6]. This validates the proposed
material constitutive model for dynamic response of concretes.
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